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A Reciprocity Relation for t-Designs 
N . M . SINGHI* AND S. S. SHRIKHANDE 
It is shown that for a given t , v , k, the monoid of all t-(v, k, A) designs is a toroidal monoid in 
the sense of Hochester and Stanley and the corresponding monoid algebra is Gorenstein. Among 
the consequences deduced is the fact that the function P;,(A) = the number of distinct t-(v, k, A) 
designs is quasi periodic and satisfies a reciprocity relation. Some generalisations and related 
problems are discussed. 
l. STATEMENT OF THE RECIPROCITY THEOREM FOR DESIGNS: 
Let X be a finite set, I XI = v. A t-( v, k, A.) design is a family J of k-subsets of X (called 
blocks) such that each t-subset of X, occurs in exactly A. blocks. 
Let IP(X)(lPk(X)) denote the set of all subsets of X (k-subsets of X). Let Z(N) denote the 
set of all integers (nonnegative integers). Given a set S, we will consider set NS of all 
functionsf N --+ S. The functionJwill also be written as a vector (f(a) I a E S). With any 
t-design J we can associate a frequency vector (f(/) II E IPk(X)) where J(l) denotes the 
number of times I occurs as a block in f, in particular J(/) = 0 if I is not a block. 
Clearly the frequency vector defines the design completely. We will identify J with its 
frequency vector and throughout this paper think of t-(v, k, A.) designs as vectorsJ E NPk(X) 
satisfying the condition that for all T E IPk(X) 
L J(l) = A. 
T,;;/ 
Let PJ:,(A.) denote the number of distinct t-(v, k, A.) designs on X (note that here distinct 
means distinct as vectors in NPk(X) and two distinct designs may be isomorphic). 
The aim of this paper is to study the function Pk,,(A.) as function of A., using various results 
due to Stanley and Hochester on toroidal monoids. Before stating the theorems we define 
a quasi polynomial. 
A function f N -+ C, the field of complex numbers, (or f Z --+ C) is said to be a 
quasi-polynomial of degree d if and only if it satisfies one of the following two equivalent 
conditions: 
(a)J(n) = CAn)nd + Cd_I (n)nd- I + ... + Co(n) for all n E Nwhere each Cj : N --+ C 
is a periodic function and Cd is not identically zero. 
(b) ThereexistsanintegerN > o and polynomial/o,/., ... ,IN_lsuchthatforalln EN 
and 
J(n) = J;(n) if n - i (mod N) 
max {deg/;} d, 
l~i~N-l. 
The integer N (which is not unique) will be called a quasi-period of J and /;, 
o ~ i ~ N - I will be called polynomials associated to f Note that the polynomials /;s do 
not depend on N and are essentially unique. Hence given any quasi polynomialf N -+ C, 
its domain can be uniquely extended from N to Z and we denote that extended function 
(defined below) by Jitself. 
J(n) = J;(n) if n == i (mod N) for all n E Z. 
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One of the main consequences derived from the results on toroidal monoids is the 
following: 
1.1. THEOREM. The function Pk,t(A) is a quasi polynomial. Further if N is a quasi period 
and Pi' 0 ~ i ~ N - 1 are associated polynomials then 
(a) t-(v, k, N) satisfy the necessary parametric condition for existence of designs, i.e. 
N (v - I) == 0 mod (k - I) for all 0 ~ I ~ t, 
t - I t - I 
(
V - I) (k - I) (b) Pi 1= 0 <=> i t _ 1 == 0 mod t _ I for all 0 ~ I ~ t. 
We can now state the reciprocity relation. 
1.2. THEOREM. Given t ~ k ~ V, quasi polynomial Pk,t satisfies the following reciprocity 
relation: 
and 
where 
d = (:)-(:), 
(
v-t). 
e k - t 
The above two theorems along with various other results on monoids of t-designs will 
be deduced in Section 3. 
All these results are essentially immediate consequences of general results of Stanley and 
Rochester, once it is realised that monoids of designs are toroidal. In Section 2 we describe 
the known results of Stanley and Rochester on toroidal monoids. We have tried to give a 
self complete description of these results, as we believe, they may be useful for many other 
classes of designs. In Section 4 we describe some related problems. Before passing to the 
next section we note that all the results for t-(v, k, A) designs deduced in this paper can also 
be deduced for various other classes of designs. Proofs are exactly the same. In particular 
we have 
1.3. REMARK. Let K ~ {I, 2, ... , v}, let 
S = U lP i(X), 
ieK 
and let Q%.t denote the number of distinct off E NS satisfying 
L f(l) = A for all T E IPt(X). 
T£/ 
(i.e.fis a t-design with nonconstant block size; see [5], [20]) then m.t is a quasi polynomial 
further m.t satisfies the reciprocity relation: 
Q%,,(-I) = m.,(-2) = ... = m"(-e + 1) = 0 
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and 
QL(A) (-I/QkA-e - A), 
where 
d i~(~) - (~), 
(v - t) e L. . 
ieK I - t 
2. TOROIDAL MONOIDS 
Let K be a field, s be a nonnegative integer and R be a commutative, finitely generated 
NS-graded connected K-algebra with identity. Thus: 
R = U Ro (vector space direct sum) 
Cle1\lS 
Ro Rp S; Ro+p and ~ = K. 
Elements x E Ro are said to be homogeneous of degree IX, deg x = IX. Define 
where 
H(R, IX) 
F(R, Ji) 
H(R, IX) is called Hilbert function of Rand F(R, Ji) is called Poincare Series of R. 
For various concepts connected with graded algebras and for details of all results and 
concepts described in this section see [16], [19, chp I]. 
Now let ¢ = {Ei(y) 11 ~ i ~ m} be a set of linear forms with integral coefficients in 
variables y = (y" Y2' ... , Ys) and let 
E¢ = {/3 E NS IEi(/3) = 0, 1 ~ i ~ m}. 
F¢ is clearly a submonoid of NS and is called a toroidal monoid. The name toroidal is due 
to the fact that for such a monoid, the monoid algebra KE, is the ring of invariants of some 
torus GL(l, K)d acting linearly on the polynomial ring K [x" x2 , ••• , xs] and conversely 
(see [11], [16]). 
We will denote by d the rank of ¢. Thus d = rank ¢ is the maximum number oflinearly 
independent (over field of rational numbers), forms in ¢. 
Let R¢ = KE¢ be the monoid algebra of E¢ over K. We identify /3 E E¢ with the 
monomialxP = xf'~2 ... -<'inapolynomialringK[x" x2, ... , xs]sothatR¢ S; K[x" 
x2 , ••• , xs ] as a subalgebra with a basis consisting of monomials. R¢ is clearly N S graded 
algebra with the grading deg xP = /3. Clearly 
F(R¢, Ji) = L JiP 
PEE¢ 
R¢ can also be considered as an N-graded algebra by specialising 
deg xP = /3, + /32 + ... + /3S" 
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The Poincare series with this grading will be given by 
Note that F(R"" v) is obtained from F(R"" J.,L) by taking J.,LI = J.,L2 = ... = J.,Ls = v. 
An element f3 E E", is said to be fundamental if f3 = l' + {), 1', {) E E"" implies l' = f3 or 
{) = f3. The element f3 is said to be completely fundamental if when ever for any integer 
1] > 0,1]f3 = l' + {) for some 1', {) E E", then l' = 1]1 f3 (and hence {) = (1] - 1]1) f3) for some 
integer, 0 ~ 1]1 ~ 1]. We will denote by CF", the set of all completely fundamental elements 
of E</>. We can now describe an expression for F(R", , J.,L) due to Stanley [13, Theorem 2.5]. 
2.1. THEOREM. F(R</>, J.,L) is a rational function given by 
P(J.,L) 
F(R"" J.,L) = Q(J.,L) 
where 
and polynomials P(J.,L) and Q(J.,L) have no common factors. 
The following strong theorem was first proved by Rochester [11] (see also [19, chapter 1]). 
2.2. THEOREM. (a) R", is a Cohen-Macaulay integral domain of (Krull) dimension 
d = s - rank </>. 
(b) The Poincare series F(R", , v) is rational function 
P(v) 
F(R"" v) = Q(v)' 
where P(v) and Q(v) are polynomials with deg P < deg Q. 
For f3 E F</>, f3 = (f31o f32, ... , f3s) we will write f3 > 0 and say f3 is positive if each 
f3i > O. The following theorem is due to Stanley [16, theorem 6.7]. 
2.3. THEOREM. Suppose R", contains a positive element. Then R", is Gorenstein ~ there 
exists a unique minimal f3 > 0 in E</>. 
(i.e. if l' > 0, l' E E"" then l' - f3 E E",) 
We now state the Stanley's reciprocity theorem [13] (see also [16, Theorem 4.1], [18], [16], 
[19, chapter 1]). 
2.4. THEOREM. F(R</>, 1/J.,L) = (-I)dI;J.,LP, where in the summation ranges over all 
f3 E E</> satisfying f3 > 0 and F(R"" 1/J.,L) denotes the function obtained from F(R"" J.,L) by 
replacing J.,Li by 1/ J.,Li' 1 ~ i ~ s, everywhere. 
Finally we state two more results the first one is well known (see for example chapter 0 
in [19]) and the second one is due to Popoviciv [12] (see also [16]). 
2.5. THEOREM. Let f N --+ C and N > 0 be an integer. The following are equivalent: 
(a) f is a quasi-polynomial of quasi-period N, 
P(v) 
Q(v)' (b) L f(n) v" n~O 
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where P(v) and Q(v) are polynomials with no common factors such that every zero (X of Q(v) 
satisfies (Xl'll = 1 and deg P < deg Q. 
(c) For all n ~ 0, 
g 
f(n) = I p;(n) y7, 
i~1 
where each Pi' 1 :( i :( g is a polynomial function of n and each Yi satisfies 
yf = 1. 
2.5. THEOREM. Let YI' Y2, . .. , Ym be distinct nonzero complex numbers and let PI, 
Ph .. . , Pm be polynomials with complex coefficients. Define for all nEZ, 
m 
H(n) = L Pi(n) Y7· 
i~1 
Let 
00 
F(v) I H(n) vn 
o 
and 
00 
F(v) = L H( - n) v", 
I 
then as rational functions of v 
3. MONOID OF DESIGNS 
Let X be a finite set, I XI = v, letf = (f(/) II E IP'k(X» be t-(v, k, A) design. Let 00 be a 
new symbol and S = IP'k(X) u {oo}. We will denote by 1. the unique vector in NS defined 
by 
1(1) f(/) if / E IP'k(X) 
1(00) A. 
Now let 
E = Ek,t = {Ilfis t - (v, k, A) design for some A} 
It can be easily checked that E is a toroidal monoid, infact, we have 
3.1. LEMMA. E = E,p, where 
¢ = {eTI T E IP't(X)} 
The linear forms eT in variables (y,11 E S) are given by 
eT = Iy, - Yoo 
where the summation is over alii E IP'k(X) such that T ~ I. 
From now onwards ¢ will denote the set ¢ defined in Lemma 3.1. The ring R,p will be 
denoted by R'k.t or simply by R. 
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3.2. THEOREM. The ring R = Irk" is a Cohen-Macaulay integral domain of dimension 
d = (~) + 1 - (~). In fact RtfJ is Gorenstein. 
Theorem 3,2 follows from Theorem 2.2 and 2.3 and the following two facts: 
3.3(a) Rank ¢ = (~) (see [4]) 
3.3(b) the element C E E defined by 
C(l) 1, 
(
V - t), 
k - t 
if I = 00, 
is clearly unique minimal positive element of E. 
We can now deduce Theorem 1.1. We first note that the following fact follows easily 
using the property that for any t - (v, k, A) designf, 
b 
00 
(3.4) F(R, v) = L P:',(A) v'b i 
;'=0 
where 
(viI) 
b l = (kit) + 1 
(b l not necessarily integer) i.e. if H(R, n) denotes the Hilbert function for N-grading of R 
then 
{
Pi: ,(A), 
H(R, n) = ' 
0, 
if n = Abl for some A E N, 
otherwise. 
Now using Theorems 2.1 and 2,2 we have 
with deg P(v) ~ deg Q(v) and 
F(R, v) = P(v) 
Q(v) 
Q(v) Il (1 - ll+fi2+'+fis ) 
the product is taken over all 
P = (PI,P2, ... ,PJECFtfJ , s = lSI. 
Now using (3.4) above and Theorem 2.5 it follows easily that H(R, n) is quasi-poly-
nomial with quasi-period N = NI b l for some integer N I • From this, using (3.4), it follows 
that P:',(A) is quasi-polynomial. 
The fact that each of the associated polynomials ~ =F 0, if necessary conditions are 
satisfied, follows from a well known result due to Wilson [20] (see also Graver and Jukart 
[4]) that for a given t, v, k necessary conditions for existence of t - (v, k, A) designs are 
sufficient for all sufficiently large A. This completes the proof of Theorem 1.1. 
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We now deduce Theorem 1.2 we first note that from the fact that Pk,t().) is a quasi-poly-
nomial, using Theorem 2.5 and Popoviciu's Theorem 2.6 we have 
(3.5) 
F(v) = - F(l/v), 
where 
00 
F(v) L Pk,t(n) vn , 
o 
00 
F(v) = L Pk,t(-n)vn • 
o 
On the other hand using Stanley's reciprocity Theorem 2.4 we have 
F(R, 1//1) = (- l)d' L /1P, 
where summation is over all f3 E Eq" satisfying f3 > 0 and d' = (~) - (~) + 1. 
Using 3.3(b) this gives 
F(R,I//1) = (_I)d' /1" L /1p. 
PEE¢ 
Now taking /11 = /12 = ... = /1v = v in above we get 
F(R, l/v) = (-It )i;)+(;;=:) F(R, v). 
From this, using (3.4) it follows easily that 
F (~) = (- It );;=:) F(v). 
Now using (3.5) we have 
From this the relations of Theorem 1.2 are clear. 
4. SOME RELATED PROBLEMS 
In view of results of Sections 2 and 3 it is clear that the following problem is of 
fundamental importance for the theory of existence and classification of designs. 
4.1. PROBLEM. For any given, t, v, k describe the set CFq, completely. 
Here ¢ is as given in Lemma 2.1. 
One cannot hope to solve Problem 4.1 completely. However, first step may be to try the 
case t = 2, k = 3 and small v. Of course interest is also in finding Pk,t().), for which the 
reciprocity relations may be useful, in simplifying the calculations at least for small values 
of v. We note that some work has already been done for the case t = 2 by Hedyat and 
Peso tan [10] (see also [1, 3, 6-9] for some results on elements of CFq, for small v and t = 2, 
k = 3). The term completely fundamental is not used in these papers; however, designs 
with minimal supports are studied. The theorem given below shows that these designs corre-
spond to elements of CFq,. 
We continue with notations of Section 3. For a given t - (v, k, ).) design f define 
supp f = {Ill E IP\(X), f(l) > O}. 
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We will say thatfhas minimal support ifno nonempty proper subset of Supp fis support 
of any design, i.e. for all <P -# L ~ supp! 
L -# supp g for any gEE. 
4.2. THEOREM. Let f be a t-(v, k, ,l.) design. The following are equivalent: 
(a)J = ng,jor some g E CFq" 
(b) f has minimal support. 
(c) rank Ef = Isupp fl, 
where Ef = {ell I E supp f} is set of linear forms in variables (hi T E 1Il,(X» defined by 
el = L Yr· 
r,;1 
PROOF. Implications (a) => (b) and (c) => (b) can be easily proved. Also if f has 
minimal support and supp g = supp ffor any t-(v, k, Il) (Il may be different from,l.) design 
g then s,g - sf = 0, where s" sEN and 
s . {gO) } ~ = mm f(l) II E supp f = supp g , 
since otherwise s,g - sf will be a t-(v, k, Il') design for some Il', with <P -# supp (s,g -
sf) ~ supp! From this one can easily deduce the remaining implications. This completes 
the proof. 
The following corollory is immediate, since clearly rank Ef ~ rank <P = (~) for all 
t-(v, k, ,l.) design! 
4.4. COROLLORY. J E CFq, => I supp fl ~ (~) 
4.5. REMARK. The corollory and the implication (b) <=> (c) for the case t = 2 have been 
proved by Foody and Hedayat [3]. We also note that even though we have stated Theorem 
4.2 only for t-designs, the proof clearly shows that the theorem is actually true for all 
toroidal monoids. Stanley has also implicitly stated this fact in terms of polytopes (see 
[19, page 36]). 
The existence of f E CFq, with I supp fl = (~) for the case t = 2, k = 3 and small 
values of v is known, it is also known that there are cases when equality does not occur in 
corollory 4.4 for any J E CFq, (see [10]). Some other interesting characterisations off E CFq, 
for the case t = 2 are also given in [10]. We also note that an analogue of above theorem 
for the null t-designs has been proved in [2]. Some of the results of [2] on functions of 
strength t have analogues for t-designs. This will be discussed in a subsequent communica-
tion. 
Since for the general case the Problem 4.1 seems to be difficult, perhaps the following may 
be easier at least in some cases (for example t ;= 2, k = 3). 
4.5. PROBLEM. Describe a homogenous R-sequence (regular sequence) of length 
d = dim R'k.,. 
We note that such a sequence exists since, R = RL is Cohen- Macaulay and also that 
one can write down Poincare series for R with sufficient information about such sequence 
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(see [19, pages 41-42]) we also note that ElIiott-MacMohan algorithm (see [13]) may also 
be used to calculate P:' t for small values of v. 
4.6. PROBLEM. Use algebraic methods to get some estimate for a given t, k, A on P:'t(A). 
In particular can one use algebraic methods or results on toroidal monoids to get an 
alternate proof of Wilson's existence theorem [21] that given any k, A for all sufficiently large 
v, P2~k(A) ~ I if and only if necessary conditions are satisfied. We also note that very little 
is known about existence of t-designs with t ~ 3. 
Finally we note that for the study of .fvectors of some families of simplicial complexes, 
methods similar to one used for studying the toroidal monoids have been used (see [19, 
chapter 2] and [15-17]). Some of the results proved in this direction should also have 
interesting applications to design. The problem described below on which not much work 
has been done so far (at least not known to the authors) seems to be one of the central 
problems in combinatorics. 
4.7. PROBLEM. Characterise f-vectors of pure simplicial complexes. 
Here by pure simplicial complex we mean a simplicial complex in which all maximal faces 
have the same dimension. We note that the following theorem, which is obvious, shows that 
the above problem includes the well known problem of existence of Steiner systems, i.e., 
t-(v, k, A) designs with A = I, in particular also of projective planes. 
4.8. THEOREM. Let X be a finite set. Let f S; Pk(X). The following are equivalent: 
(a) f is a t-(v, k, A)-design with A = I. 
(b) fis the set of all maximalfaces of a pure simplicial complex of dimension k - I, whose 
.fvectors (fo,j;, ... .Jk-I) satisfy 
(I) /; = ( v), for 0 ~ i ~ t _ I, 
i + I 
(2) h-, (~)/(~)· 
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